By using a model of gene conversion for treating concerted evolution of multigene families, a theory for calculating the variances and covariances of identity coefficients has been developed. Six coefficients on triple identity and 15 coefficients on quadruple identity are needed. The variances and covariances are obtained from the quadruple identity coefficients and divided into within-population and between-population components. The former represents the variation of identity coefficients among individuals within a population, whereas the latter represents the magnitude of fluctuation of population averages. Monte Carlo simulations confirmed the theoretical predictions at equilibrium.
Multigene families are characterized by concerted evolution and their population dynamics have been the focus of much attention in recent studies (1) (2) (3) (4) . Identity coefficients are the most useful quantity to formulate concerted evolution within multigene families, and in the previous studies, average properties of identity coefficients have been analyzed (see refs. 1, 2, and 4 for review). Higher order statistics such as variances and covariances have been studied for the model of unequal crossing-over-i.e., by considering concerted evolution as a double diffusion process within a chromosome by unequal crossing-over-and within the population by random genetic drift (1, 5, 6) . Compared with the model of unequal crossing-over, that of gene conversion is more exact because allelic identity is more precisely defined in the latter (2, 7) . In this report, the variances and covariances are studied for a model of gene conversion, so that the magnitude of fluctuation in gene identity becomes clear. The relevance of theoretical predictions is discussed in relation to observed facts.
Basic Theory
Let N be the effective size and n be the number of tandemly arranged genes on a chromosome. Thus, there are 2nN genes in the population. As in the previous study (2, 7) , let X be the rate per generation at which a gene is converted by any one of the remaining (n -1) genes with equal likelihood. Here it is assumed that conversion is asymmetric. For a more general model, see refs. 4 and 8. In addition to random genetic drift and gene conversion, recombination occurs at meiosis and is assumed to be equal. Let P be the rate per generation at which recombination occurs between adjacent loci, so that the rate per family is (n -1)/3. Let v be the mutation rate under the infinite allele model (9) .
In this model, the transition equations of identity coefficients have been formulated (2, 4, 7, 8) . The three identity coefficients are f, the average probability of allelic identity; cl, the average identity probability of genes at different loci on the same chromosome; and c2, that of two genes taken from different loci from two homologous chromosomes of the population. In the above definitions, the term "probability" may be replaced by "proportion." Then the variances and covariances are functions of higher moments of these coefficients (f, c1, and c2). These are all probabilities of identity of two genes-i.e., double identity. The variances and covariances involve triple and quadruple identities of genes.
In the following definition, n is assumed to be large. Define a set of triple gene identities as follows (see Fig. 1 ). Let d, be the probability that three genes randomly taken from the same chromosome are identical; d2 is for two genes on the same chromosome and another allelic one; d3, for two genes on the same chromosome and another nonallelic one; d4, for three allelic genes; d5, for two allelic genes and another nonallelic one on different chromosome; d6, for three nonallelic genes that are on different chromosomes.
It is possible to formulate the changes in these six coefficients by various forces. In the following analysis, I assume that all evolutionary forces are weak-i.e., parameters X, /, 1/N, and v are much less than unity. First, let us calculate the changes in the coefficients by gene conversion. For dl, consider a set of three genes to compare identity (see Fig. 1 ). The probability that one of the three genes is converted is 3X. In such cases, the coefficient changes, on average, when one of the three genes converts another. The fraction of times one of the three converts another is 2/(n -1), and the coefficient before conversion is cl. Therefore, the average change of d, becomes, by denoting the change by Aconv (9) Aconv(di) = 3a(c, -dl)9 [1] where a = 2X/(n -1). Next, the average change of d2 is obtained. The probability that one of the allelic genes (see Fig. 1 ) is converted is 2X and, in such cases, the coefficient before conversion is d3. Now consider two genes on the same chromosome. If the gene allelic to the one on the other chromosome is converted by another gene on the same chromosome, the coefficient before conversion is c2. If the nonallelic gene is converted, the probability of identity is f. The probability is a/2 in each case, and therefore we have Aconv(d2 = 2X(d3 -d2) + 2(f + C2 -2d2). [2] 829
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Aro.vJd3) = a(C2 -d3) + 2a(d2-d3), [3] Aonv(d4) = 3X(d5-d4), [4] Aconv(ds) = 2X(d6-d5) + a(d4-d5), [5] 
[61 Adrft(dl) = 0,
The above Eqs. 1-17 give the average changes of the six coefficients in one generation. Let us proceed to the formulation of quadruple identity coefficients. As in the model of unequal crossing-over (1, 5, 6) , the coefficients may be grouped into those concerning individual genomes and those concerning the population. The first group consists of the following nine coefficients.
Let subscript i orj denote the ith orjth genome in the population. Then fij is the identity proportion of allelic genes of the ith and the jth genomes, cl is that of genes of the ith genome, and C2,ij is that of nonallelic genes each taken from the ith and the jth genomes. In the following definition, the expectations of their squares and cross-products are taken with respect to the total genomes in the population. [7] where Adift(') is the expected change by random drift. For d2, a fraction 1/2N of two allelic genes become identical. The average change becomes
The other formulas may be similarly obtained. [10] Adfift(d5) = (C2 -d5) + 2 (d2 -d5), [11] Adnft(d6) = 3 (d3 -d6).
[121 Next, the changes by interchromosomal recombination are calculated. As before (2, 7), it is assumed that recombination is equal and occurs at a random position within the region of the family. In calculating the change by recombination, the approximation method is used as before (7, 2, 4) , which is accurate enough when conversion occurs between random members (but see ref. 10 for an exact treatment). By this method, we get, by letting A ec( ) be the expected change by recombination, Arec(di) = 3(d3 -dj), [13] Are(d) = (n3 + p(d5 -d2), [14] Arec(d) = (n + 1)p(d6 -d3). [15] where E denotes taking expectations for all i, j, and k in the population. For example, g8 is the expectation of the product, fhifik, with i # j # k. Thus, in taking two combinations, ij and ik, for allelic identity, one genome is used in common. The following six coefficients belong to the second group. A bar on f or c denotes population averages. Note that ii means the square of population average of allelic identity. It may be regarded as E(fijfk,) with i # j # k + 1 by the previous notation when 1/N << 1.
[19]
In terms of these identity coefficients, the variances and covariances of f, cl, and c2 may be expressed as in the tnodel of unequal crossing-over (2, 5, 6) . They can be decomposed into groups among genomes within the population and among population means.
Among-genome components are By assuming that the product, (8/N, is negligibly small, the changes of the other coefficients become zero.
Arec(di) -0, for i = 4, 5, and 6.
[ 16] The average changes of coefficients by mutation simply become Oa2f = g1 -hi, 2 (Twcl =--g4 -h4, [33]
Next, the changes by random genetic drift become as follows:
Adrift (93) [26]
Thus, we have A.o.v(94) = a(2c, + 4d, -6g4).
[27]
Similarly, the change of g5 becomes Aconv(95) = a(C2 + 2d3 -3g5).
[28]
The changes of g6 -gg include additional terms compared with those by unequal crossing-over, because of the inclusion of coefficients of allelic identity.
Aconv(96) = 2a(d3 + g3 -2g6), Aconv(97) = a(d6 + g9 -297), Aconv(98) = 4X(g9 -g), Aconv(99) = 2X(g7 -g9) + C(g8 -g9).
[ Adrft(h6) = 1 (2h5 + 4g7-6h6).
[49]
Now, the expected change by interchromosomal recombination is calculated. Although the expected value of fi, does not change by recombination, g, = E(fh2j) is influenced.
Arec(gi) = 2(n + 1)( g-),
[50]
Arec(g2) = (n + 1) (3 -g2),
[51] 3 g Arec(g3) = 0. [53]
For other coefficients, the changes are simple.
Arec(g5) =(n + 1) 3(g6 -g5), [54] 3 Arec(g6) = Arec(g7) = 0.
[55]
Calculation of the changes of hi is not complicated. They can be shown to be Arec(hl) = 0,
Arec(h3) = 0,
Arec(h6) = 0
As before, all coefficients decrease by a constant rate due to mutation, and we have Amut(gi) = -4vgi, for i = 1 -9, Amut(hi) = -4vhi, for i = 1 -6.
[57]
Using the theory developed in this section, together with equations for f, cl, and c2 (refs. 2, 4, and 7), it is possible to obtain numerically the variances and the covariances of f, c1, and c2 at equilibrium, as well as transiently. We are especially interested in these values at equilibrium, and in the following section, some examples will be given. Monte Carlo simulations were also performed to confirm the validity of the theory.
Monte Carlo Simulations
The method of Monte Carlo simulation has been presented previously (5, 6) . In addition to mutation, interchromosomal recombination, and random sampling of gametes, conversion is introduced at a constant rate, X, per gene copy per generation. Each Monte Carlo run consists of 2000 generations starting from a population of multigene families of uniform members-i.e., all identity coefficients are unity in the first generation. In order to compare the theoretical predictions at equilibrium with the Monte Carlo results, averages, variances, and covariances of identity coefficients are calculated in the period between the 1/(2v) and 2000th generations. The means for f, c1, c2, and the within-population values of variances and covariances were obtained by taking averages in this period. As for the between-population values, the variances and covariances were obtained by taking the average values in each generation and by calculating the between-generation variances and covariances in this period. Table 1 compares the observed and theoretical values of the averages, variances, and covariances of identity coefficients. In the table, 0 represents the observed average values in the period of the 1/(2v) -2000 generations, and T represents the theoretical values at equilibrium numerically obtained by the theory in the previous section. The parameters are given in Table 2 . Note that the population size, N, is too small, and the rates of mutation, v, and conversion, X, are too large, but that the products, Nv and NX, are not so unrealistic. The results may be applicable to such cases as N = 20000 and v = 6.25 x 10-6 (set I), or N = 40000 and v = 1.25 x 10-5 (set II).
From Table 1 , it can be seen that the agreements between the theoretical and the observed values are satisfactory. However, it may be noted that the observed values of the between-population variances and covariances (o,2 and Ob) appear to be slightly smaller than their predicted values (e.g., see the bottom two lines of Table 1 ). This may be because the period of 1/(2v) -2000 generations used to obtain the observed values may not represent true equilibrium and also may be too short to get unbiased results. Identity coefficients of the population fluctuate from time to time, but an enormous period of time would be required to have unbiased variances. It is also noted that the total variance may become larger than that at a single locus under selective neutrality (11, 12, 13 where w is the average fitness of the population. This type of selection makes the probability of identity lower and may be 832
Genetics: Ohta Table 2. applicable to multigene families with variable members such as immunoglobulin genes. Various other models of natural selection may be considered that depend on linear functions of identity coefficients. The within-population values are crucial in determining the effectiveness of selection, but they cannot be solved at present when selection continuously operates.
The between-population values of variances and covariances may be useful in predicting how average identity coefficients of the population fluctuate. They may be analogous to the variance of heterozygosity at an ordinary single locus that has been successfully used for testing selective neutrality of polymorphisms at enzyme loci (14, 15, 16) . Similarly, the amino acid diversity of reported sequences of immunoglobulins has been analyzed to compare with the predicted values under the unequal crossing-over model, and the result seems to be promising (1) . But both the model of unequal crossing-over and the present conversion model need further refinement for immunoglobulin V gene family (see ref. 17). 
